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ABSTRACT

If o is an irreducible nonexpansive ergodic automorphism of a compact
abelian group X (such as an irreducible nonhyperbolic ergodic toral auto-
morphism), then & has no finite or infinite state Markov partitions, and
there are no nontrivial continuous embeddings of Markov shifts in X. In
spite of this we are able to construct a symbolic space V and a class of
shift-invariant probability measures on V each of which corresponds to
an a-invariant probability measure on X. Moreover, every a-invariant
probability measure on X arises essentially in this way.

The last part of the paper deals with the connection between the two-
sided beta-shift V3 arising from a Salem number § and the nonhyperbolic
ergodic toral automorphism « arising from the companion matrix of the
minimal polynomial of 8, and establishes an entropy-preserving corre-
spondence between a class of shift-invariant probability measures on Vj
and certain a-invariant probability measures on X. This correspondence
is much weaker than, but still quite closely modelled on, the connec-
tion between the two-sided beta-shifts defined by Pisot numbers and the
corresponding hyperbolic ergodic toral automorphisms.
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1. Introduction

For expansive automorphisms o of compact connected abelian groups X, the
attempt to find symbolic representations of the dynamical system (X, a) has a
long and extensive history. In addition to the classical ‘geometric’ constructions
of Markov partitions (e.g. in [1], [4] and [25]), there are explicit algebraic con-
structions of continuous equivariant finite-to-one maps from a sofic shift onto X.
The first such construction for arbitrary irreducible hyperbolic toral automor-
phisms was given by R. Kenyon and A. Vershik in [10] (irreducibility is explained
in Definition 2.1); a different, but related, general construction for irreducible
expansive automorphisms of tori and solenoids was given by the second named
author in [21]. In certain cases, this map can be chosen to be one-to-one al-
most everywhere (cf. [21] and [24]; of course, since X is connected and a sofic
shift completely disconnected one cannot hope to find a map which is one-to-one
everywhere). The existence of such a map gives an explicit essentially one-to-one
map between shift-invariant measures on a sofic shift and a-invariant measures
on X.

The key idea in the construction of these maps is to find a surjective equivari-
ant map from some symbolic system V onto X (it turns out to be natural to set
V either equal to the space £*°(Z,Z) of bounded integer sequences or to some
sufficiently large compact shift-invariant subset of £*°(Z,Z)). Following an idea
originally introduced by A. Vershik in [27]-[29] one may, for example, take a
point x € X which is homoclinic to 0 (i.e. which satisfies that limj, o o2 = 0)
and send any integer sequence v = (...,v_1,%p,v1,...) € {*°(Z,Z) to the point

&) = Z vpa "z € X.
n€Z

The resulting map &: ¢°(Z,Z) — X is equivariant (i.e. {0 = a0§), and it is
not hard to see that it is surjective. From this map & one obtains a surjective
map from the collection of shift-invariant probability measures on {*°(Z, Z) onto
the a-invariant measures on X. The more refined construction of [21] alluded
to earlier is obtained by restricting this map to a carefully chosen sofic subshift
V C ¢*(Z,Z) on which £ is surjective and almost one-to-one. Other interesting
and, indeed, more canonical examples arise when « is the automorphism of
X = T™ defined by the companion matrix of the minimal polynomial of a Pisot
unit B (i.e. of an algebraic integer § > 1 whose conjugates all have absolute
values < 1). In this case the corresponding two-sided beta-shift V3 C {*(Z,Z)
is sofic, and the map &: Vg — T™ defined above is surjective, finite-to-one and
conjectured to be almost one-to-one (cf. [21]-[24]).
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In this paper we investigate to what extent one can find a suitable substitute
for this construction in the nonexpansive case. This question is motivated by
the somewhat exotic behaviour of invariant probability measures of irreducible
nonhyperbolic ergodic toral automorphisms described in [13]: if u is a probabil-
ity measure on X = T™ which is invariant under an irreducible nonhyperbolic
ergodic toral automorphism ¢, but which is completely singular with respect
to Lebesgue measure, then there exists an a-invariant Borel set B C X which
intersects p-a.e. coset of the dense central subgroup X(® C X, on which «
acts isometrically, in at most one point. If u is weakly mixing then one may
assume in addition that u(B) = 1. Any natural ‘symbolic model’ of such an
automorphism would enable one to construct such measures quite explicitly.

The first difficulty one encounters in the search for symbolic models of an irre-
ducible ergodic nonexpansive automorphism « of a compact connected abelian
group X is that every continuous equivariant map ¢: ¥ — X from a mix-
ing shift of finite type Y with finite or countably infinite alphabet (or from a
two-sided beta-shift) to X maps the shift space to a single point (cf. Corollaries
4.7-4.11 and Remark 4.12); in particular, (X, a) cannot have finite or countably
infinite Markov partitions in any reasonable sense. The reason for this is that
these automorphisms have no nonzero homoclinic points (Theorem 4.1).

It is, however, possible to define a continuous map §~ from the noncompact
space Y = (%°(Z,7)x X® to X which is equivariant with respect to an isometric
cocycle extension 6: ¥ — Y of the shift on ¢°°(Z,Z). This map is surjective
(though far from injective), and allows us in particular to map shift-invariant
probability measures on Y to a-invariant measures on X. Indeed, we show
the following (cf. Proposition 4.18; central equivalence is explained in Definition
4.15).

THEOREM 1.1: Any a-invariant probability measure on X is centrally equiv-
alent to the push-forward under £ of a &-invariant probability measure on Y,
which may further be taken to be compactly supported.

We emphasize that this is true even for Lebesgue (or Haar) measure (since
central equivalence preserves entropy, any a-invariant probability measure on
X which is centrally equivalent to Lebesgue measure must be equal to Lebesgue
measure). Since Y is a noncompact extension of £%°(Z, Z), not every shift invari-
ant measure on ¢*°(Z,Z) can be lifted to a g-invariant probability measure on
Y. The measures which can be lifted are precisely those for which the cocycle
appearing in the definition of & is a coboundary (cf. Theorem 4.13 and Propo-
sition 4.18). The fact that it is natural to consider only those measures on a
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symbolic model for which this cocycle is trivial can be viewed as a manifestation
of some weak form of measure rigidity for nonexpansive group automorphisms.

The main drawback of Theorem 1.1 is that the same measure on X can be
obtained as the push-forward of many measures on Y'; furthermore, it is quite
hard to understand properties such as the entropy of the resulting measures
in terms of the properties of the original measure. In order to resolve such
difficulties one would like to replace ¢*°(Z,Z) by a smaller closed subshift, just
like in the hyperbolic case.

In the case of toral automorphisms corresponding to Pisot numbers (i.e. of ir-
reducible hyperbolic toral automorphisms with one-dimensional unstable mani-
folds) there is a natural candidate: the beta-shift V3 corresponding to the unique
‘large’ eigenvalue 3 of the automorphism. Motivated by this question we devote
Section 6 to a problem which has also provided much of the original motivation
for this research: the connection between the two-sided beta-shift Vs arising
from a Salem number 8 and the nonhyperbolic ergodic toral automorphism o
defined by the companion matrix of the minimal polynomial of 8 (a Salem
number is an algebraic unit § > 1 whose conjugates all have absolute values
< 1, with at least one conjugate of absolute value = 1). In contrast to the Pisot
case, which is reasonably well understood (though some important questions
in this construction are still unresolved, as described 24), the beta-shifts asso-
ciated with Salem numbers still hold many mysteries. For example, it is not
known whether they are always sofic (cf. [5]-[7] and [17]). Not surprisingly, the
dynamical interpretation of two-sided beta-shifts arising from Salem numbers is
much more complicated than in the Pisot case.

By restricting the map £ Y — X described above to the space )75 =
Vs x X© we obtain a map from &-invariant probability measures on Ys (or,
equivalently, from shift invariant probability measures on Vj satisfying the co-
cycle condition mentioned above) to a-invariant measures on X. In particular,
the following theorem follows from the main result of Section 6 (cf. Corollary
6.8).

THEOREM 1.2: For any &-invariant probability measure fi on f’g, the entropy
of the push-forward £,{fi) is equal to that of fi.

By constructing in Section 7 shift-invariant probability measures on Vj
satisfying a strong form of the cocycle condition with entropies arbitrarily close
to log 8, we obtain from Theorem 1.2 a-invariant probability measures on X
which are singular with respect to Lebesgue measure and whose entropies are
arbitrarily close to log 3, the topological entropy of (X, a).
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In the course of proving Theorem 1.2, we show that Lebesgue measure on X
cannot be represented as &, (fi) with ji a measure on Y3 as above. The main
question highlighted by our work is the following:

QUESTION 1: Can every a-invariant probability measure on X which is com-
pletely singular with respect to Lebesgue measure be presented as &, (fi) for an
invariant probability measure [i on f’g ?

At present, we have no evidence in either direction. Even if the answer turns
out to be negative, it would be interesting to understand the relation between
the space of measures obtained by the construction of Theorem 1.2 and the
space of all invariant measures.

It follows from Theorem 1.2 and the results of Section 7 that £,(Y3) C X is
fairly large; for example, it can be shown that its Hausdorff dimension is the
same as that of X. However, we do not even know the answer to the following
natural question:

QUESTION 2: Is £,(Y3) = X7

In the notation of Section 4, Question 2 can be rephrased as follows: is the
B-shift Vg a pseudo-cover of X7

We end this introduction with a comment on a technical simplification we
adopt throughout this paper: every irreducible automorphism « of a compact
connected abelian group X is finitely equivalent to a group automorphism of the
special form ag, /(y) described in (2.6)-(2.7). By restricting ourselves to auto-
morphisms of this special form we avoid some minor notational and technical
complications in the statements of our results due to the presence of finite-to-
one factor maps, but our discussion here can be translated to the general case
without any difficulty.

2. Homoclinic points of irreducible group automorphisms

Definition 2.1: Let « be a continuous automorphism of a compact abelian
group X with identity element 0 = 0x. The automorphism « is irreducible
if every closed a-invariant subgroup Y C X is finite. A point z € X is a-
homoclinic (or simply homoclinic) if lim|, o @z = 0. The set A, (X) of
homoclinic points in X is an a-invariant subgroup.

Recall that two continuous automorphisms « and 5 of compact abelian groups

X and Y are finitely equivalent if there exist continuous, surjective, equivari-
ant and finite-to-one group homomorphisms ¢: X — Y and ¢¥: ¥ — X. In
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order to describe all irreducible automorphisms of compact abelian groups up
to finite equivalence we use notation from [13]. Let R; = Z[u%!] be the ring of
Lauren polynomials with integral coefficients. Every h € R; is of the form

(2.1) h=Y hyu

keZ

with hy € Z for every k € Z and hy = 0 for all but finitely many k. Fix an
irreducible polynomial

(2.2) f=fo+tfmu" €R
with m >0, f, >0 and fy # 0, denote by Q¢ the set of roots of f, and set

(2.3) 0 ={weQ:lw <1}, O ={we:|wl=1},
Q‘;:{wEQf:|w|>1}.

We write T = R/Z for the circle group, define the shift 7: T# — TZ by
(2.4) T(T)n = Tnt1
for every r = (z,) € T%, and set

(2.5) h(r) =Y hpr*: T — TZ
kezZ

for every b € R; of the form (2.1). Consider the closed, shift-invariant subgroup

X=Xpyp= {x eT?: Z Ean:vk.l.n =0 (mod 1) for every k € Z}
n

(2.6) ={z e TZ: f(r)(z) = 0} = ker f(7),
and write
(2.7) a = aRl/(f)

for the restriction of 7 to X C T% (cf. [13, (2.3) and (2.11)]). By [20, Theorem
7.1 and Propositions 7.2-7.3], a is nonexpansive if and only if Q(fo) # @, and
ergodic if and only if f is not cyclotomic (i.e. if and only if f does not divide
u™ — 1 for any m > 1). In view of this we adopt the following terminology.

Definition 2.2: The polynomial f in (2.2) is hyperbolic if Q}O) = &, non-
hyperbolic if Q;O) # &, and cyclotomic if Qgco) contains a root of unity.
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According to [19], every irreducible automorphism a of a compact abelian
group X is finitely equivalent to an automorphism of the form ag, /(5) for some
irreducible polynomial f € R;. Note that the automorphisms & and apg, /(s
are expansive if and only if f is hyperbolic, and ergodic if and only if f is not
cyclotomic.

For the remainder of this article we assume that the irreducible polynomial f
in (2.2) is noncyclotomic.

We denote by || - ||; and || - ||co the norms on the Banach spaces ¢}(Z,R)
and ¢°(Z,R) and write ¢*(Z,Z) C ¢*(Z,R) and {®(Z,Z) C {*(Z,R) for the
subgroups of integer-valued functions. By viewing every h =} _, h,u™ € R,
as the element (h,) € £1(Z,Z) we can identify R; with (*(Z,Z).

We furnish the space £°(Z, R} with the topology of coordinate-wise conver-
gence. In this topology ¢*°(Z,R) is a metrizable topological group, £*°(Z,Z) C
£*(Z,R) is a closed subgroup, and the shift-invariant sets

(2.8) B (€°(Z,R) = {w € (°(Z,R) : |[wlloo <7},
B (£°(Z,2)) = B,(™(Z,R) N £(Z, Z)

are compact for every r > 0: on these sets our topology coincides with the
weak*-topology.
As in [8] we denote by & the shift

(2.9) (Gw)n = Wn+1

on {*(Z,R), observe that &: {*(Z,R) — ¢*°(Z,R) is a continuous group
automorphism, and define, for every h =3, ., hyu® € Ry, a continuous group
homomorphism

(2.10) h(3) =) hxd*: £°(Z,R) — ¢>°(Z,R)
keZ

(cf. (2.5)). The map p: £*°(Z,R) — T%, given by
(2.11) p(w)y, = wp(mod 1)

for every w = (wn) € ¢*°(Z,R) and n € Z, is a continuous surjective group
homomorphism with

(2.12) pod =Top,
and the set

(2.13) Wi =p"(X) = f(5)7(¢*(Z,2)) C £*(Z,R)
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is a closed and shift-invariant subgroup with ker p = €*°(Z,Z) C Wy.
The kernel

(2.14) W = ker f(5) C Wy

is obviously finite-dimensional and the restriction of & to the complexification
Cor W;O) of W}O) is linear. Hence & has a nonzero eigenvector v € C Qg Wf(o)

with eigenvalue w € C, say, and f(w) = 0. As & is an isometry on W}O) we
conclude that w € QS,O). Conversely, if w € Q(O), then we set v,, = w™ for every
n € Z and obtain that v = (v,) € C®r W}O).

This shows that Wf(o) = ker f(3) C Wy C €°(Z,R) is the linear span of the
vectors {R(w(w)), (ww)) 1w € foo)} with

(2.15) ww), =w", Rww))n =RwW"), Sww)), = (w")

for every n € Z and w € Qgco), where  and & denote the real and imaginary
parts. By (2.12),

(2.16) X = plker £(2)) = p(W(”)

is an a-invariant subgroup of X, and the irreducibility of a implies that the
closure of X(© is either equal to {0} (if & is expansive), or to X (if « is non-
expansive). The group X(® < X in (2.16) is isomorphic to W(O), since p is
injective on W(O), and coincides with the central subgroup of X defined in [13,
(3.3)] on which « acts isometrically.

1 1 b,
T Dl

wEQf

We write

for the partial fraction decomposition of 1/f with b,, € C for every w € (¢ and
define elements w™* and w9 in (*(Z,R) by

A —fl— . ZweQ; bow™ ! ifn>1,
wn+ = lv n—1 3
E . ZwEQ}O)UQ}- —bww lf n S O,

1 n—1 :
017 wh- = | T wenpuap bl iR 2T,
' " fL . Zweﬂ+ —b,w™ ! if n <0,
A“——— Z bow™ ! for every n € Z.

wEQ(O)
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Then
(2.18) wh e W, wht 4wl = wh-

F@@)n = f@) W) = v5 = {(1) otherise,

where we are using the formal power series identities

b by
2wt = (Z 1—Zu+ 2 ﬁ%u——J

n€Z weﬂf_ WEQ}O)UQ}F

1 5 b 1

= —_— T = -
fm we; U w f(u )
1 b,u —b,w™!

= —— + w
A T T )Tl

weQ;uQ}‘” weQ} nez
and

Y fE) )t = fu™h) - Y weu

neZ neZ

for every w = (wy,) € £°(Z,R). The points w™* € (*(Z,R) have the following
properties.

8% = p(wPt) e X by (2.18),
(2.19) nhrn wiht = h_r)n wA; =0 exponentially fast,
A+ = gh- if and only if « is expansive.

3. A review of the expansive case

One of the key tools in attempting to find symbolic covers or representations of
the automorphism a = ag, /(s lies in identifying the subgroup

(3.1) Vi = f(@)(W)) C (2. 2).

We first discuss the space V; in the expansive setting, before moving on to the
nonexpansive case.

Suppose that the polynomial f in (2.2} is hyperbolic (i.e. that Q;O) =gZin
(2.3)). In this case

(3.2) Wi = wh- =w?, =28 =78, wi =0
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The point z* is a fundamental homoclinic point of « in the sense of [12]:
(3.3) An(X) = {h(a)(z®) : h € R}

In the case where f,, = |fo| = 1 in (2.2) and X is therefore isomorphic to
T™ = R™ /Z™, the fundamental homoclinic point z® has a convenient geometric
description. The automorphism a = ap, /5y of X = Xg, /(5 C TZ in (2.6) is
algebraically conjugate to the companion matrix

0 1 0 ... 0 0

0 0 ) 0 0
(34) Mp=1 : SRR : 0 |

0 0 0 ... 0 1

—f(} _fl '“f2 _fm—2 _fm——l

of f, acting on T™ from the left, where the isomorphism between X and T™ is
the coordinate projection

Zo

n

T
Tm—1
We write W) ¢ R™ and W(® C R™ for the contracting and expanding sub-
spaces of the matrix M;. The quotient map m: R™ — T™ is injective on W)
and W and the dense subgroups X () = 7(W()) and X*) = 7(W ) satisfy
that
Ay(X)=XCOn XW = z(WS + 2™ nw®),
There exists a unique point y® € (W) +eM)NW™ | where eV = (1,0,...) is
the first unit vector in R™. Since My is of the form (3.4), the orbit
{M}’e(l) :n € Z} C Z™ generates Z™ as a group, which is easily seen to
imply that the homoclinic point z* = 7(y?) is indeed fundamental.
We return to our more general setting. From (2.19)-(3.2) it follows that

lw?lls = D hwp| < oo,
nez

and that
£v) = Evnt?‘"wA
nez
is a well-defined element of £>°(Z, R) for every v € £*°(Z,Z). As in [8] we denote
by

(3.5) E0°(Z,2) — (°(Z,R), £=pol:t®(Z,7)— X
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the resulting continuous group homomorphisms and observe that

(3.6) &) = Zvna_”xA

neZ

for every v € £*°(Z,Z). Hence
£0G =aok,

i.e. £ is equivariant. We summarize this discussion in a theorem; the relevant
proofs can be found in [8].

THEOREM 3.1: Let f € Ry be an irreducible hyperbolic polynomial, and let
o = ap, (s) be the expansive automorphism of the compact connected abelian
group X = Xp, /(5 defined in (2.6)-(2.7). Then

Vi = f(@)(Wy) = €7°(Z, Z),

and the homomorphisms &: £°(Z,7) — ¢°(Z,R) and £ = po £: {°(Z,Z) —
X in (3.5)-(3.6) satisfy that

§((2,2)) = X,
ker§ = f(7)(¢*(2,2Z)) C £*(2,Z),
Eodg =aqok.

In [21] it was proved that there always exists a compact shift-invariant subset
(in fact, a sofic subshift) V C ¢°(Z,Z) such that the restriction of £ to V is
surjective and almost one-to-one (for the definition of a sofic shift we refer to
[11] and [31]). In general, however, there is at present no distinguished candidate
for such a set V.

In Section 5 we present an interesting special case in which there is a natural
candidate for V (cf. [21]-[29]): the beta-shift.

4. Homoclinic points and coding in the nonexpansive case

Now suppose that the irreducible polynomial f in (2.2) is nonhyperbolic and
not cyclotomic, and that the ergodic automorphism o = ag, /() of the compact
connected abelian group X = Xpg, /(5) is therefore ergodic and nonexpansive.
Since f is irreducible and has a root of absolute value 1, mis even and f; = fm—;
for:=0,...,m, and we assume that fo = f,, > 0. In contrast to the expansive
situation, W}O) = ker f(5) # {0}, the central subgroup X© = p(Wj(,O)) in
(2.16) is dense in X, and the following theorem shows that there are no nonzero
a-homoclinic points.
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THEOREM 4.1: Let f € Ry be an irreducible nonhyperbolic polynomial which
is not cyclotomic, and let o = apg, /sy be the ergodic and nonexpansive auto-
morphism of the compact connected abelian group X = Xg, ) defined in
(2.6)—(2.7). Then A,(X) = {0}.

COROLLARY 4.2: Let a be an irreducible, ergodic and nonexpansive auto-
morphism of a compact connected abelian group X. Then A, (X) = {0}.

Proof of Theorem 4.1: The triviality of the homoclinic group A4 (X) for irre-
ducible nonhyperbolic ergodic toral automorphisms was shown in [12]. Here we
give another (and slightly more general) proof using the methods described in
the previous section.

Suppose that z is a nonzero a-homoclinic point. Since the restriction of « to
X is an isometry it is clear that X(®NA,(X) = {0} and hence that 2 ¢ X(©.

We choose w € Wy C ¢*(Z,R) such that p(w) = z and limj,|_eo wy, = 0
(such a choice is obviously possible). Then v = f(7)(w) € ¢*°(Z,Z) has only
finitely many nonzero coordinates and is therefore of the form h(3)(v®) for some
h € Ry, where the point v® € £*°(Z,Z) is defined in (2.18). We put

w* = h(7) (W) € (°(Z,R)

and observe that
w—w" € ker(f(7)) = W]EO)

by (2.18). From (2.17) we know that lim,_,co w} = lim, ,_o w, = 0, and
hence that w = w* and lim,_,, w}, = 0, since every element in W;O) is almost
periodic. However,

wh=— Y bow" h(w)
wealduat

for all sufficiently large positive n, which shows that

(4.1) Z bow"h(w) =0 for every n > 0.
wGQ(fO)

From (4.1) we see that h{w) = 0 for every w € Q;O) or, equivalently, that h is
divisible by f. We set h = fh' with b’ € Ry, v' = K (3)(v?) € {*(Z,Z) and
w' = h'(7)(w?-) € Wy as above, and conclude that w = w* = f(&)(w') €
(*°(Z,Z) and z = p(w) = 0, contrary to our choice of z. 1
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Proof of Corollary 4.2: There exists an irreducible, nonhyperbolic and non-
cyclotomic polynomial f € R; such that « is finitely equivalent to apg, /(y)
(cf. (2.6)~(2.7)). If ¢: X — Xpg, /(s is a continuous, finite-to-one and equi-
variant group homomorphism, then the restriction of ¢ to A,(X) is injective
and ¢(Ax(X)) C Aap, 4y (Xryy(s)) = {0} by Theorem 4.1. This proves that
X) = {0}. |

Although « = apg, /() has no nonzero homoclinic points, we have at our dis-
posal the ‘one-sided homoclinic’ points 2+ in (2.19). Again it may be helpful
to identify these points in the special case where fo = f, = 1in (2.2) and X
is therefore isomorphic to T™ = R™ /Z™ (remember that f(u) = u™f(u~1)!).
As on page 236 we write W ¢ R®, W® c R™ and W©® < R™ for the
contracting, expanding and isometric subspaces of the matrix My in (3.4).
Then there exist unique points y2+ € (W + )y n (W™ + W) and
yd- e (WS 4+ WO £ eM)n WM and 22+ = n(y®+) (cf. (2.17)-(2.19)).

We return to the general nonhyperbohc setting and put

* _ _ Z . Ilwnl 00
42)  (Z,R) = {w——(wn)eR sup <oo} S 6°(Z, R),

denote by ¢*(7Z,Z) the group of integer sequences in ¢*(Z,R), and furnish these
spaces with the topology of coordinate-wise convergence. We extend the maps
a, f(&) and p in (2.9)—(2.11) to group homomorphisms
a*: *(Z,R) — *(Z,R), f(G*): *(Z,R) — ¢*(Z,R),
p*: *(Z,R) — T,
and set
Wi ={we :(Z,R) : f(6")(w) € *(Z,Z)}
={we "(Z,R) : p*(w) € X}.
Then W; C £*(Z,R) is a closed, 5*-invariant subgroup. Since
ker f(&*) = {w € ¢*(Z,R) : f(7")(w) =0} C £*(Z,R)

(cf. (2.15)), we obtain that

ker f(6*) = ker f(5) = W} C Wy.

(4.3)

We define continuous group homomorphlsms £ I%(Z,7) — W; and
¥ €°(Z,Z) — X by setting

(4.4) ) =D v (W) + Y a8 M (w?),

n>0 n<0

£ (v) = p* 0 &*(v)
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for every v = (v,) € £*°(Z,Z). Since the coordinates w2t and w® 5, decay
exponentially as n — oo by (2.19), each coordinate of £*(v) in (4.4) converges
and

(4.5) £ (6(2, 1)) C W}

According to (2.18),

(4.6) f@)o&(v) =v,
£ 0 f(0")(w) ~we W

for every v € £*(Z,Z) and w € ¢*(Z,R) (for the second equation in (4.6) we
note that the maps &*, f(5*) and & can be extended to the set of sequences
with polynomial growth in RZ and ZZ, respectively, where they still satisfy the
first equation in (4.6); we note that the second equation also extends to such
sequences). From (4.3) and (4.6) we see that

(4.7) & o f(5)(Wy) C Wy,
Vi = f0)(Wy) = {v € £°(Z,Z) : € (v) € £(Z,R)}.

The map &*: (*(Z,Z) — ¢*(Z,R) can obviously not be expected to be
shift-equivariant. Indeed,

d(n,v) = (67) °§(v £ o (@) (v)

(4.8) 3z 10" JwA" if n >0,
ifn=0,
lv_]o] nwho ifn <0,
for every n € Z and v € £°°(Z,Z), and the resulting map
4.9 d: Z x ¢°(Z,2) — W
f

satisfies the cocycle equation
(4.10) d(m,a"v) + d™d(n,v) = d(m +n,v)

for every m,n € Z and v € (*°(Z,Z).

From the first formula in (4.4) it is clear there exists a constant ¢’ > 0 with
|E¥(W)|n < ¢ - ||v||lco for every v € £*°(Z,Z) and n = 0,...,m — 1, where m is
the degree of f. Hence

[€* 0 (@) (w)ln < CNF@)W)lloo < lIFIl1 - NIwlloo
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for every w € ¢*(Z,R) and n = 0,...,m — 1. Since there exists a constant
" > 0 with
(4.11) lw|leo < " max{|wol,...,|wm-1|}

for every w € w© by (2.15), we can find a constant ¢ > 0 with
!

(4.12) 16" 0 f@) (W)lloo < - (@) (W)lloo < - lIfll1 - [lwloo

for every w € (*(Z,R).
Equation (4.8) shows that the map £*: £*°(Z,Z) — X is equivariant modulo
X and our next result implies that £* is also surjective modulo X (©).

PRroPOSITION 4.3: There exists a closed, bounded, shift-invariant subset Y C
Vi with £(Y) + X© = X.

Proof: We recall the notation B,((*°(Z,R)) = {w € {*(Z,R) : ||lw|l,, <}
(cf. (2.8)) and set

(4.13) B,(W;) = Ws N B,(¢°(Z,R)).

Then B, (W) is a closed and bounded — and hence compact — shift-invariant
subset of £*(Z,R), and

(4.14) Y, = f(3)(Br(Wy))

is a compact shift-invariant subset of V7.

For r > 1/2, p(B.(Wj)) = X, and (4.6) guarantees that £* o f(5){w) —w €
W}O) for every w € B,(Wy). Hence there exists, for every z € X, an element
w € B,(Wy) with p(w) = z, and the element v = f(7)(w) € Y; satisfies that
&) —we W}O) and €*(v) —z € X©. This proves (2). |

Proposition 4.3 suggests the following definition.

Definition 4.4: A closed, bounded, shift-invariant subset V C {®(Z,Z) is a
pseudo-cover of X if £*(V) + X©) = X.

The last part of this section is devoted to the question whether — and to what
extent — the non-equivariance of £* can be ‘corrected’. We start by showing
that there is no continuous, equivariant and surjective map ¢ from £>°(Z,Z) (or
from any shift of finite type Y C {*(Z,Z)) to X.
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Definition 4.5: Let T be a homeomorphism of a compact metrizable space
Y, and let 6 be a metric on Y. Two points z,y € Y are homoclinic if
limyp| 00 6(T"x,T"y) = 0. The homoclinic equivalence relation Ar(Y)
is defined as

Ar(Y) = {(z,y) € Y?: z and y are homoclinic}.
For every x € Y we denote by
Ar(z) ={y €Y : (z,y) € Ar(Y)}

the homoclinic equivalence class of z. The homoclinic relation Ar(Y) is
topologically transitive if A7p(y) is dense in Y for some y € Y, and minimal
if Ar(y) is dense in Y for everyy € Y.

Note that all these definitions are independent of the specific choice of the
metric §.

PROPOSITION 4.6: Let o be an irreducible, ergodic and nonexpansive automor-
phism of a compact connected abelian group X, and let T be a homeomorphism
of a compact metrizable space Y whose homoclinic relation Ay (T') is topologi-
cally transitive. If $: Y — X a continuous equivariant map then ¢(Y’) consists
of a single fixed point T of @ in X.

Proof: For any pair y,y’ of homoclinic points in Y, the points ¢(y) and ¢(y’)
are homoclinic in X, and hence ¢(y) — ¢(y’) = 0 by Corollary 4.2. If Ap(y) is
dense in Y for some y € Y then the continuity of ¢ implies that ¢(Y’) is a single
point which must be fixed under c. 1

COROLLARY 4.7: Let f € R, be an irreducible nonhyperbolic polynomial which
is not cyclotomic, @ = ap, (s) the ergodic and nonexpansive automorphism of
the compact connected abelian group X = Xp, /(s defined in (2.6)-(2.7), and
let & be the shift (2.9) on £>*(Z,Z). If ¢: £°(Z,Z) — X is a continuous
equivariant map, then ¢(£>°(Z,Z)) consist of a single fixed point of a.

Proof: For every positive integer r we set B, = {v € {*°(Z,Z) : ||[v|lo < 7} =
{~r,...,7}%. Then the restriction T’ = &|p, of & to B, has a topologically tran-
sitive homoclinic equivalence relation, and Proposition 4.6 implies that ¢(B,)
consists of a single point. Since this is true for every r > 1, ¢(¢*°(Z, Z)) consist
of a single fixed point of a. |
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Definition 4.8: Let A be a countably infinite set, P = (P(a,a'),a,d' € A) a
transition matrix with entries in {0,1}, and

Xp={z=(x,) € A% : P(2y,2ny1) = 1 for every n € Z}

the associated shift of finite type.

The shift Xp and the transition matrix P are irreducible if there exist,
for every a,a’ € A, an n > 1 and elements a; = a,a,,...,a, = a’ in A with
P(as,ai41) = 1 for i = 1,...,n — 1. If Xp is irreducible then the period
p(Xp) is the highest common factor of the set of integers n > 1 for which
there exist elements elements a1, az,...,0, = a; in A with P(a;,a,41) = 1 for
i=1,...,n—1.

The shift Xp and the matrix P are mixing if they are irreducible with
period 1.

For the following corollaries we assume that a is an irreducible, ergodic and
nonexpansive automorphism of a compact connected abelian group X.

COROLLARY 4.9: Let Y be a mixing shift of finite type with finite or countably
infinite alphabet. Then every continuous equivariant map ¢: Y — X sends Y
to a single point.

Proof: If T is the shift on Y, then Ay (T) is minimal, and our claim follows
from Proposition 4.6. ]

COROLLARY 4.10: Let Y be an irreducible shift of finite type with finite or
countably infinite alphabet. Then every continuous equivariant map ¢: Y — X
sends Y to a finite set.

Proof: 1f p(Y) is the period of Y, then the shift T on Y has the property that
there exists a closed subset Yy C V such that the sets T%Yy,k =0,...,n—1 are
disjoint, T"Yy = Yj, Z;é T*Y, =Y, and the restriction of T™ to Yy is mixing.
Hence ¢(Y") consists of a single periodic orbit for any continuous equivariant
map ¢: Y — X. ]

COROLLARY 4.11: Let Y be a topologically transitive sofic shift with finite
alphabet. Then every continuous equivariant map ¢: ¥ — X sends Y to a
finite set.

Proof: Since Y is a continuous equivariant image of a topologically transitive
shift of finite type with finite alphabet, the result follows from Corollary 4.10.
|
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Remark 4.12: Some non-sofic shift-spaces have a topologically transitive ho-
moclinic equivalence relation. For example, in Proposition 5.1 (3) we show that
if 8 > 1is a real number, and if V5 C {0,...,[# — 1]}% is the two-sided beta-
shift space defined in (5.4), then the homoclinic equivalence relation A;(Vj3) of
the beta-shift 03 is topologically transitive, although Vj is in general not sofic.

The Corollaries 4.9—4.11 and Remark 4.12 imply that o cannot have Markov
(or sofic) partitions or covers in any reasonable sense, and that there are no
nontrivial continuous equivariant maps from beta-shifts to X.

In order to understand to what extent the non-equivariance of £* can be
‘corrected’ if we are allowed to drop continuity we set

(4.15) Y =6°(2,2) x W = ¢(2,Z) x X©

(where we are using the fact that the restriction pf«): W}O) — X© g
f ~

a bijection) and consider the continuous surjective maps 6: ¥ — ¥ and
&V — W}, defined by

(4.16) (v, w) = (Gv,6w + d(1,v)),

€ (v,w) = €*(v) + w
for every (v,w) € Y = ¢°(Z,Z) x W}O). The map & is obviously a homeo-
morphism, and

(4.17) £ o0f =5 0"
Finally we write #: ¥ — ¢%°(Z, Z) for the first coordinate projection.

THEOREM 4.13: Let f € Ry be an irreducible nonhyperbolic polynomial which
is not cyclotomic, a = apg, /(y) the ergodic and nonexpansive automorphism of
the compact connected abelian group X = Xg, (s defined in (2.6)-(2.7), and
let 5: Y — Y be defined by (4.15)-(4.16). For every G-invariant probability
measure v on £>°(Z,Z) the following conditions are equivalent.

(1) There exists a G-invariant probability measure i on Y with 7, = v.

(2) For every € > 0 there exists a compact subset C, C W}O) with

(418) v({ve>®(Z,Z)}:d(k,v) € C.})>1~¢ foreveryk€Z.
(3) There exists a Borel map b: {*°(Z,Z) — W}O) with

(4.19) d(1,v) = b(av) — 6b(v) for v-a.e. v € {*(Z,Z).
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Ifv satisfies these equivalent conditions, then the Borel map &;: {*°(Z,7) — X,
defined by

(4.20) £ (v) = £(v) + p* 0 b(v)

for every v € {*°(Z,Z), has the property that

(4.21) £ (v) — €(v) € X©O  for every v € {°(Z, ),
od=aof v-ae,

and the probability measure

(4.22) n= ()
on X is a-invariant.
Motivated by Theorem 4.13 we adopt the following terminology.

Definition 4.14: A shift-invariant probability measure v on £*°(Z, Z) is weakly
d-bounded if it satisfies the three equivalent conditions of Theorem 4.13. The
probability measure v is d-bounded if there exists a compact subset C' C Wf(o)
such that

(4.23) v({v € £>*(Z,Z) : d(k,v) € C for every k € Z}) = 1.
Proof of Theorem 4.13: Suppose that 7 is a §-invariant probability measure on
Y. We set v = 7,7, fix € > 0 and choose K, > 0 with 7({*(Z,Z) x B(K.)) >
1—¢/2, where B(K,.) = {w € W}O) ¢ ||wlloo < K¢}. Since U is G-invariant,
(58 (0>(Z,Z) x B(K.)) N (¢*(Z,Z) x B(K.))) > 1 — ¢ for every k € Z, which
implies that

v({v € °(Z,Z): ||d(k,v)||lec < 2K.})>1—¢ foreveryk € Z.

Since £ was arbitrary this shows that (1) = (2).
In order to check that (2) = (3) we choose an enumeration Q}O) =

{wi, ... ,Wme} of ano), write W}O) = C®r W}O) for the complexification of
Wf(o) and use the basis {w(w;) : 4 =1,...,mo} in (2.15) to identify W}O) with
Cmo. Let

(4.24) S™ = {(7,--rYme) €EC™ |yl =1fori=1,...,mp}

and define, for every v = (71,...,Ym,) € S™?, a linear map M,: C™ — C™o
by setting

(425) M'yz = (’Yl Rlyeee 77m0zm0)
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for every z = (21,...,2m,) € C™. We form the locally compact semi-direct
product
G=C" x8§™

with group operation
(2,7) - (z,7) = (z + Myz',7Y)
for every z,z' € C™ and 7,7’ € S™° and set
d*(k,v) = (d(k,v),w")
for every k € Z and v € £*°(Z,Z), where

(4.26) wh =Wk Wk ).

Wiy

By (4.10), the resulting map d*: Z x {*(Z,Z) — G satisfies the cocycle
equation
d*(k,5'v) - d*(l,v) = d*(k + 1,v)

for every k,l € Z and v € {*(Z,Z), where we are using the fact that the
shift & on Wffo) corresponds to M, under our identification of W;O) with C™o .
Furthermore, the map d*(k,-): £*°(Z,Z) — G is continuous for every k € Z.
If the probability measure v satisfies (2}, then the cocycle d*: Z x{>*(Z,Z) —
G is bounded in the sense that there exists, for every € > 0, a compact subset
C. C G with
v({v € £°(Z,Z): d*(k,v) ¢ Cc}) < ¢

for every k € Z, and [18, Theorem 4.7] implies the existence of a Borel map
b’: £°(Z,Z) — G and of a compact subgroup K C G such that

(4.27) b'(Gv)~" - d*(1,v) - b'(v) € K

for v-a.e. v € {*(Z,Z).
Every compact subgroup K C G is of the form

K = {((1),7) : 7 € To}

for some compact subgroup Iy € S™° and some Borel map w: Ty — C™0
satisfying the cocycle equation

w(yY') = w(y) + Myw(y')
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As T is compact, this cocycle is a coboundary, i.e. there exists a t € C™ with
w(y) =Myt —t
for every v € 'y, and
(4.28) K ={(M,t—t,7):v€eTls}
We write the map b’ in (4.27) as b’ = (b, b2) with by: £2°(Z,Z) — C™ and
by: £°(Z,Z) — S™°. According to (4.27)-(4.28),
(b1(ov), bz(ﬁv)) (d(1,0),w) - (b1 (), b2 (v))
=(-M b2 (59) b1 (Gv) + Mb_((w d(1,v) + My, (50)-1,01(v), b2 (50) " whs(v))
= (My, (50)-1wba(o)t — £, b2(5v) "' wba(v)))
with by(6v) " wba(v)) € Ty, and hence
d(1,v) = Myu(My, )t — b1(v)) — (My, 30yt — b1(60))
= 6 (Mp, ()t — b1(v)) = (M, a0yt — b1 (50))

for v-a.e. v € £2°(Z,Z). We set b(v) = bi(v) — My, ()t for every v € {*(Z,Z),
view b as a map from £°(Z,Z) to W(0 - W} ), and obtain that

d(1,v) = b(dv) — b(v)
for v-a.e. v € {*(Z,Z). If

b(v) = (b(v) + b(v))/2,

where the bar denotes complex conjugation in W(fo) = Cer Wf(o), then the
resulting map b: (*°(Z,Z) — W}O) satisfies (4.19), and (4.21) follows from
(4.19) and (4.20). This completes the proof that (2) = (3).

Finally, if (3) is satisfied, then there exists a unique, and obviously #-invariant,
probability measure # on Y with #,5 = v and 7({(v,b(v)) : v € €°(Z,Z)}) =
which proves that (3) = (1).

The final assertions (4.21) and the a-invariance of the probability measure p
in (4.22) are immediate consequences of (4.19). |

We recall the following definition from [13].

Definition 4.15: Let f € Ry be an irreducible nonhyperbolic polynomial which
is not cyclotomic, and let @ = apg, /) be the ergodic and nonexpansive auto-
morphism of the compact connected abelian group X = Xg, /(s in (2.6)—(2.7).
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Two a-invariant probability measures uj, o on X are centrally equivalent if
they have an invariant joining g (i.e. an (@ x a)-invariant measure g on X x X
which projects to p; and ug, respectively) so that, for g-a.e. (z,y) € X x X,
z and y lie on the same central leaf. In other words,

T—y € X©  for g-ae. (z,y) € X x X,

where X(9) C X is the central subgroup of a defined in (2.16).

It is not hard to show that any two centrally equivalent probability measures
have the same entropy under a. Since Lebesgue measure is the unique measure
of maximum entropy for «, it follows that the only measure centrally equivalent
to Lebesgue measure is Lebesgue measure itself.

Example 4.16: 1f v is a weakly d-bounded &-invariant probability measure on
£°(Z,Z), and if b',b": £°(Z,Z) — W}O} are two maps satisfying (4.19), then
the o-invariant probability measures pu = (&,).v and p' = (&, ).V are centrally
equivalent, since & (z) — & (z) € X(© for every z € X.

If the equation (4.19) has a measurable solution b, then this solution is gen-
erally not unique. Given a weakly d-bounded &-invariant probability measure
we may thus try to choose b so that (£).v is as simple as possible.

PROPOSITION 4.17: Let v be a weakly d-bounded G-invariant probability mea-
sure on £*(Z,Z), and let b be a solution of (4.19). Assume that (£).v is
singular with respect to Lebesgue measure. Then there is a solution b’ of (4.19)
and an o-invariant Borel set Z C X so that

(1) Z intersect each coset of X (©) in at most one point,

(2) (¢g)wv(2) =1.

Proof: By [13, Theorem 1.3.(1)], there exist a probability measure p' on X
which is centrally equivalent to p = (§).v and a Borel set Z C X (which we
may as well assume to be a-invariant) of full y'-measure which intersects each
coset of X(® in at most one point.

Since u' and p are centrally equivalent,

(4.29) (& @)+ XNz =1
for v-a.e. v € £*°(Z,Z). Define b'(v) € W;O) by the requirement that

§*(v) +pob'(v)
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is the single point in the set (4.29). This function is certainly measurable, as
can be verified easily by using the joining establishing the central equivalence
of ' and p. It also satisfies (4.19): since Z is a-invariant,

{ao& (W) +poa(d'(v)} =al&G®) +X)nZ
v) + XOYN Z = {€*(5z) + p o b(ez)},

]
-
8
T %
—_
Qr

and since p is injective on W(O),

d(1,v) = &* 0 £*(v) — £* 0 5(v) = b/ (6v) ~ &b (v).

By construction, &, (v) € Z for every v for which b’ is well-defined (i.e. on a set
of full v-measure). [ |

PROPOSITION 4.18: Let f € Ry be an irreducible nonhyperbolic polynomial
which is not cyclotomic, and let a = ag, /() be the ergodic and nonexpansive
automorphism of the compact connected abelian group X = Xg, /(5 in (2.6)-
(2.7). For every a-invariant probability measure u on X there exists a d-bounded
7-invariant probability measure v on £°°(Z, Z) such that p is centrally equivalent
to the probability measure (£;).v in Theorem 4.13.

Proof: Let pu be an a-invariant probability measure on X. We set W =
{w = (w,) € Wy : 0 < w, <1foreveryn € Z} (cf. (2.13)), note that the
restriction p|w of the equivariant map p: Wy — X to W is bijective, and
conclude that there exists a unique &-invariant probability measure p' on W
with p.p’ = p.

The G-invariant probability measure v = f(G).4’ is supported on ¥, C
(*(Z,Z) for some r > 0, where Y, = f(3)(B,(Wy)) as in the proof of Propo-
sition 4.3. By (4.12), £*(Y,) is a bounded subset of £*°(Z,R). This shows that
the cocycle d in (4.9) is uniformly bounded on Y, and so v is d-bounded (cf.
(4.14)).

Let b: (=(Z,Z) — W}O) be a Borel map satisfying (4.19), and let
&: (*(Z,Z) — X be given by (4.20). Since = — & o f(&) o (plw) ' (z) €
X© for every x € X, the a-invariant probability measure (£).v is centrally
equivalent to p. 1

The discussion in this section shows that in the nonexpansive case we have to
make a choice between continuity and equivariance: the map £*: £*(Z,Z) — X
in (4.4) is continuous, but not equivariant, and the maps &: £*°(Z,Z) — X in
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(4.20), which are equivariant at least on some reasonably large sets, are generally
not continuous. In neither case can we expect these maps to be surjective.

If v is a weakly d-bounded G-invariant probability measure on £*°(Z, Z), then
the Borel map &p: ¢*°(Z,Z) — X in (4.20) is equivariant v-a.e. and the p =
(&)« in (4.22) is therefore a-invariant, but the entropy of u will generally be
lower than that of v. Indeed,

{vet®(2,2): & (v) € X0} = {v € £2(Z,2): &(v) € X}
= f(3)(t"(Z,2)) N €(Z, Z)

by (4.6), and the set f(3)(¢*(Z,Z)) N £*°(Z,Z) will not contribute anything to
the entropy of p, since a acts isometrically on X (.

(4.30)

In Proposition 4.18 we saw that we can obtain every a-invariant probability
measure on X — up to central equivalence — from a d-bounded shift-invariant
probability measure on £*°(Z,Z). However, all such measures are concentrated
on the somewhat elusive set V¢, so that this result is of limited interest.

For this reason one would ideally like to find ‘nice’ and ‘large’ compact sub-
shifts V' C £°°(Z,Z) (where nice means something like a shift of finite type or
a sofic shift, and large means that the subshift should be a pseudo-cover of X
in the sense of Definition 4.4), such that the following conditions are satisfied:

(1) for every v € {*°(Z,Z), the intersection of V with v + f(3)(¢*(Z,Z)) is

as small as possible,

(2) for every weakly d-bounded shift-invariant probability measure v on V,

the probability measure p = (§).v in (4.22) has the same entropy as v,

(3) every a-invariant probability measure is centrally equivalent to a proba-

bility measure obtained in this manner.

At this stage we have made only limited progress in this direction (cf. Sec-
tion 6, where we investigate the connection between two-sided beta-shift arising
from a Salem number § and the ergodic nonhyperbolic toral automorphism de-
fined by the companion matrix if the minimal polynomial of 3). One of the key
difficulty one encounters in pursuing this program in any generality is the fol-
lowing: although the restriction to £*°(Z, Z) of the map f(5): Wy — {*°(Z,Z)
is injective, the set

{we t(Z,2): §(5)(w) € V}

need not be contained in ¢*°(Z,Z), and the set
{w € t(Z,Z): f(5)(w) € V}

may be unbounded, even if V C ¢*°(Z,Z) is a bounded, shift-invariant set.
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Example 4.19: For every w € Wf(o) and n € Z we set {(w), = [wy,], where [t]
is again the smallest integer > t for any ¢t € R. The resulting map ¢: W;O) —
{®(Z,Z) has the property that the set C(W}O)) is unbounded, but || f(7)(v)||jec <
[|fll1 for every v € C(W}O)).

5. Beta-shifts and their properties

We fix a real number 8 > 1 and consider the beta-transformation

z+> Tpz =Bz (mod 1)
from the closed unit interval [0, 1] to the half-open interval I = [0,1) (cf. [14]
and [16]).

For every z € I, the beta-expansion eg(z) = (eg(z)n,n > 1) of z is defined

by

ep(x)n = ﬂTg_lx -Tgx
for every n > 1. Note that eg(z), € {0,...,[8 — 1]} for every n > 1, where [t]
is the smallest integer > ¢ for any t € R, and that

(5.1) 2= es(@)nf

for every z € I.

We denote by < the lexicographic order on the space {3° of all bounded one-
sided sequences v = (v,,n > 1) of nonnegative integers and write & for the
one-sided shift (54 v)n = vp41 on €. The closed, 5 -invariant set

(5.2) VB+ ={ep(z) 2z € I}

is called the beta-shift space (where the bar denotes closure); it contains a
unique lexicographically maximal element ej; with the following properties (cf.

[14]):
(ﬁeg <ep forevery k >0,
(5.3) Z e " =1, olep#0 foreveryn>0,
n>1
Vﬁ"" = {v € £y : 5}v < ej for every n > 0}.
Here we are interested in the two-sided beta-shift space. We write vt =

(v1,v2,...) for every v = (v,) € ¢*(Z,Z) and set

Vs = {v € £(Z,Z): (") € VE’ for every n € Z}

(5.4)
= {v € {*(Z,Z): (6™)" < e} for every n € Z}.
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For every v € £°(Z,Z) with v_,, = 0 for all sufficiently large n > 0 we define
the evaluation ng(v) € R by

(5.5) 1) = 3 0aB".

ne€z
If we view V" as the subset {v € V5 : v, = 0 for n < 0}, then the evaluation
defines a continuous, surjective, at most two-to-one map ng: Vﬁ+ — [0, 1] with

(5.6) ep(ns(v)) =v

for all v in the complement of a countable subset of VB+ (cf. [14] and (5.1)):
the only possible exceptions to (5.6) are points satisfying (7%v)t = e for some
k> 0 (cf. (5.3)).

The following elementary observations follow directly from (5.3)—(5.4):

PROPOSITION 5.1: Let 8 > 1, and let Vg C £*°(Z, Z) be the two-sided beta-shift
space defined in (5.4).
(1) If v,w € Vj satisfy that w* < v* in the notation of (5.3)-(5.4), then the
point v' with
o = {vn ifn <0,
" w, ifn>0,
lies in V3.
(2) If B is algebraic with minimal polynomial f € Ry, and if v,w € Vj satisfy
that v, = wy, for every n < 0, vo > wp and w —v € f(6)(¢*°(Z,Z)), then
vo =wo + 1, vt =0 and w = ej. It follows that

(v+ f@NE(Z,2)N Vs = {v}

for every v € V.
(3) The homoclinic equivalence relation Az(V3) (cf. Definition 4.5) is
topologically transitive on V.

Proof: In order to prove (1) we note that (v, v} 9,--.) < (Ukt1,Vk42,...) <
ep whenever k < 0, and (v} 1,V 9,-+-) = (Wrt1, Wre2,...) X ej otherwise.
According to (5.4) this implies that v’ € V.

If § is algebraic with minimal polynomial f, and if

w € (v+ f(G)(F(Z,2)))NVp
and v, = w, for all n < 0, then

ng(wo, w1, ...) = ng(vo,v1,...),
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and (5.3) and (5.6) imply (2).
In order to verify (3), we denote by 0 € V3 the two-sided infinite sequence of
zeros. For every v € V3 and n € N the point v' defined by

0 ifk<-—-n
v;={vn if —n<k<n
0 ifn<k

again lies in V3, due to the lexicographic definition of the beta-shift in (5.3).
It is also clearly homoclinic to 0. This shows that the homoclinic equivalence
class of 0 is dense in V3. |

Beta-shifts are in general not sofic (in fact, they are sofic if and only if the
point e} in (5.3) is eventually periodic which implies, in turn, that j is algebraic
— cf. e.g. [3]). However, even if V3 is not sofic, i.e. cannot be obtained by
relabelling the letters of a shift of finite type with finite alphabet, it always has
a nice description in terms of a certain shift of finite type Xz with a countable
alphabet. This infinite state shift of finite type has additional nice properties
which make it a useful tool in the study of beta-shifts.

We now present the construction in [9, 26] of this shift of finite type due to
Hofbauer and Takahashi and its relation to the beta-shift (note that there is a
gap in [26]; see [9] for details).

For any pair of points v,v’ € Vﬁ+ with v < v/, let [v,0] C Vﬂ+ be the set of
points which lie between v and v’ in the lexicographic order, and let 0, denote
the one-sided sequence of zeros.

Let A={0,...,[8 — 1]}. The alphabet (or state space) A of Lz is given by
A =AU A" where

A ={(a,[04,€)) :a=0,...,[8 2]},

(57) 1 * ~k
A" = {((ep)r, (04,05 €p]) : k=1,2,...}.

Note that A is finite if and only if €} is eventually periodic.

The allowed transition in £z are defined as follows. Each state @ € A’ can be
followed by any other state in A’ as well as by the state ([ ~ 11,[04,5+€p])-
Each state @ = ((e}), [0+, 5‘136},]) € A" can be followed by either @’ = (a, [0, e}])
for a < (e3)i41, or by ((eg)k+1,[0+,6i+le§}). We denote by

P = (P(a,d),a,a € A)

the corresponding transition matrix, i.e. P(@,@') = 1 if and only if @ can be
followed by @’
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Let ¢: A — A be the projection onto the first coordinate, and let ¢ be the
corresponding map from AZ to AZ. One can show quite easily that ¢(X5) C V.
In general, ¢|s, need not be surjective. What is true (see [9]) is that the
complement N of ¢(Zz) is a shift invariant subset of V3 with the property that
any measure supported on it has zero entropy.

This construction is used in particular to show that V3 has a unique -
invariant measure pg of maximal entropy with entropy log 3 (cf. [9]).

THEOREM 5.2 ([9]): The transition matrix P = (P(a,a'),a,a’ € A) of T
has maximal eigenvalue 8 and unique positive left and right eigenvectors x =
(x(a),a € A), y = (y(a),a € A) with xP = fx, Py = By and 3", 1 x(a) =
ZaEA y(a) =1

Let ip be the Markov measure on X p defined by

_ B_(mz_ml)Y(amz)

5.8 ip(|Gmys---,0 =
( ) /‘P([ my mz]) Y(am1)
for every cylinder set
[@mys--ram,] ={y € Zp:yp =a, forn=my,...,ma}.

Then the restriction of ¢ to Xp is injective fip-a.e., and ¢.fip = ug.

The beta-shift is known to be sofic for Pisot numbers as well as for Salem
numbers of degree four. For general Salem numbers £ it is not known whether
Vs has to be sofic (cf. [2], [5]-[7] and [17]).

6. The beta-shift and symbolic embeddings for Salem numbers

We start this section with a brief review of the case where 3 is a Pisot number,
and where the S-shift is a sofic model of the corresponding hyperbolic toral
automorphism.

ProPOSITION 6.1 ([21]): Let 8 > 1 be a Pisot number, f € R its minimal
polynomial of degreem, say, and let @ = ar, /(5) be the expansive automorphism
of the compact abelian group X = Xp, /() described in (2.6) (if 8 is a Pisot unit
then X = T™). Then the restriction of the equivariant map &: {*°(Z,Z) — X
in (3.6) to the two-sided beta-shift V3 C £*(Z,Z) is surjective and finite-to-
one. In particular, if v is a shift-invariant probability measure on Vg, then
the measure p = &wv on X is o-invariant and has the same entropy as v.
Furthermore, every a-invariant probability y on X can be obtained in this
manner.
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The restriction of £ to V3 in Proposition 6.1 is conjectured to be almost one-
to-one, although this has only been proved in some examples (cf. [21]-[23]). For
earlier special cases of Proposition 6.1 we refer to (24].

Proposition 6.1 describes the close connection between the two-sided beta-
shift of a Pisot unit 8 > 1 and the toral automorphism defined by the companion
matrix of the minimal polynomial of 3. One of the principal motivations of
this paper was the question whether there exists an analogous result for Salem
numbers.

The following discussion shows that, although Proposition 6.1 does not hold in
this case, there does exist a connection between two-sided beta-shifts of Salem
numbers and the nonhyperbolic ergodic toral automorphisms defined by the
companion matrices of their minimal polynomials. However, this connection is
much more complicated and tenuous than in the Pisot case.

For the remainder of this section we restrict ourselves to Salemn numbers,
their minimal polynomials and their companion matrices. Assume therefore
that 3 is a Salem number with minimal polynomial f € R; of (even) degree
m, say, and let & = ap, /sy be the ergodic and nonexpansive automorphism
of X = Xp, (s defined by (2.6)-(2.7), which is algebraically conjugate to the
companion matrix My in (3.4), acting on T™. The corresponding two-sided
beta-shift will be denoted by Vg C {*°(Z,Z), and we write ug for the unique
shift-invariant measure of maximal entropy on V3.

Since the homoclinic equivalence relation A;(V3) is topologically transitive
on V3 by Proposition 5.1 (3), Proposition 4.6 shows that a simple symbolic
description as in Proposition 6.1 is not possible in this case. A partial analogue
to Proposition 6.1 is presented in Theorem 6.3 below.

Definition 6.2: Let Z,, Z5 be standard Borel spaces and v a probability measure
on Z;. A Borel map ¢: Z; —3 Zs is countable-to-one v-a.e. if there are Borel
sets Z, C Z1, Zh C Z with v(Z]) = g.v(24) = 1 so that g~(2) N Z] is
countable for every z € Zj.

It is an easy exercise to see that entropy is preserved under almost everywhere
countable-to-one factor maps.

THEOREM 6.3: Let B > 1 be a Salem number of degree m, say, f € Ry its
minimal polynomial, and let o = ap, /sy be the ergodic and nonexpansive
automorphism of X = Xpg, /5y = T™ defined in (2.6)—(2.7).

Suppose that v is a weakly d-bounded &-invariant probability measure on the
two-sided beta-shift Vg, and that &: V3 — X is the v-a.e. equivariant Borel
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map defined in (4.20). Then & is countable-to-one v-a.e., and the a-invariant
probability measure p = (§).v on X is singular with respect to Haar measure
and satisfies that h,(6) = h,(a).

For the proof of Theorem 6.3 we need several lemmas. The hypotheses of
these lemmas are those of the theorem.

We call two points v,v' € Vg equivalent (in symbols: v ~ v') if v — o' €
f(3)(€*(Z,Z)) or, equivalently, if £*(v) — £*(v') € X (cf. (4.6)). Denote by

(6.1) R={(v,v):v~v'}CVzgxVs
the resulting equivalence relation, and write

Rv)={v' € Vz:v~'}
for the equivalence class of every v € V3.

LEMMA 6.4: The set R C Vg x Vj is Borel and & x G-invariant.

Proof: For every r > 0, the sets

|vn)
B = * : <
¥ {vEE(Z,Z) i1£|n|+1_r}

and C, = f(6)(B}) C ¢*(Z,Z) are compact, and the map p: C, x Vg —
¢*(Z,Z) x Vg, given by p(v',v) = (v' + v,v), is continuous. Hence C, =
P(Cr x V) N (V3 x V) is compact and R = |, C, is Borel. The & X &-
invariance of R, is obvious. |

For every subset F' C Z we write 7p: £°(Z,Z) — ZF for the projection onto
the coordinates in F.

LEMMA 6.5: LetY C Vj be a shift-invariant Borel set with v(Y') = 1 such that
(4.19) holds for every v € Y, and let
Y(M)={yeY (bl < M},
(6.3) LM) ={y € £'(Z,Z): ly - & o f(&)W)lloo < M},
R(M,w) = (w + f(6)(L(M))) NV C R(w),

for every M > 1 and w € Vj (cf. (4.6)). Then for every w € Vg

(6.4) R(w) = G R(M,w),
M=1
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and for every K, M,n > 1

2 (R(K,w) N Y (M)ne(Y(M))
(65) Irfo,..np R(K,w) NY (M) NG I|

|7 =n,...0p (R(K,w) NY (M) N&"(Y (M))

I/\ I/\

where ¢(M, K} is a constant depending only on K, M and f.

Proof: We first prove (6.4). Indeed, by (4.6) and the remarks following
Uy L(M) = £*(Z,Z), hence

R(M,w) = (w+ f(3)(¢*(Z,2)))N Vs = R(w).

1

S8

We now turn to prove (6.5). By (4.4) there exists a constant M; > 0 such
that
‘max_ & (w);] < My - [lwleo
7=0,...,m

for every w € °(Z, 7). As (*)" 0 & (w) = & 0 5" (w) + b(6"w) — 5"b(w) for
every n € Z,

max [€(w)ays| < Maf +2M

forevery M > 1, n € Zand w € Y(M)Ns™™Y(M)). We fix w € V3 and
obtain that, for every v € R(K,w) NY (M)Nnae="(Y(M)),

max |€_*(U)]| S Mlﬂa i I{)la'x |E*('U)n+j| S Mlﬂ + 2M,

3=0,...,m J=0,...,m

and that there exists a unique y € ¢*(Z,Z) with v = w + f(¢*)(y) and

lly — €0 f(a") W)l < K.

If v/ is a second element in R(K,w) N Y (M) N "(Y(M)) with v =
w + f(6*)(y') for some y' € €*(Z,Z), then |ly’ — & o f(@)(¥')llo < K, and
hence

max |y;—y;| <2MS+2K and  max |yny;—vny | < 2Mi1f+4MA2K.
3=0,....m 7=0,....m

For every L > 0 we set
B(n,L)={w € (*(Z,Z): |w); <Lfor0<j<m and n<j<n+m}

If the first inequality in (6.5) does not hold for some w € Vg and n > 0,
then we can find elements y, z € B(n,2M1 8 +4M + 2K + 1) with the following



258 E. LINDENSTRAUSS AND K. SCHMIDT Isr. J. Math.
properties:

(y07"'aym) = (ZOV“wzm)a
(y’n’ R 7'§n+m) - (Zn, s 7Z7L+m)7
Um+1,-- 1 Yn—1) # (Zmt1,- -, 2n-1),
so that § = w+ f(6*)(y), Z = w+ f(3*)(2) are both in V5. Note that these two

points satisfy §o = Zo, §n = Zn and (§1, ..., Un-1) # (Z1,- -+, Zn-1)-
Suppose, without loss in generality, that

(T15- s Fn—1) < (21, Zn—1)
and hence
(glag27‘ ) = (21’227' )
in the lexicographic order. We set
r_ Zj lfj S O,
YiT\y ifj>0,
and put 2’ = z. Then § = w + f(&)(¢’) is of the form

-~ _ EJ lf]SO,
YiTlg ifji>o,

and §' € Vj by Proposition 5.1 (1). Put z' = w+ f(6*)(z') = Z, remember that
g; = Z; for j <0 and for j = n, and assume for the moment that

(Tra1>Tnaar ) < Gnarr Zngzr )

in the lexicographic order (if this is not the case we have to interchange the roles
of ¢’ and 2’ below). Let

w_ [z ifj<m,
=3 i
y; 1g>m,
and set " =y’ and §” = §’. The point 2"’ = w + f(6*)(z") is of the form
= { Z} if j <n,
zZj =18 i g
y] 17 > n,

and lies in V3 by Proposition 5.1 (1). By construction, y7 = 2}/ for j <m and
j > n, and hence v’ = y" ~ 2" € £1(Z,Z). Since " and §" = " + f()v"
lie in Vs we obtain a contradiction to Proposition 5.1 (2). This proves the first
inequality in (6.5), and the proof of the second one is analogous. ]
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LEMMA 6.6: Let R(K,w),Y(M),c(M, K) be as in Lemma 6.5, and let

2n

5 ... 1 _k 1
Y(My=Y(M)n {y eY: Brgirgm’;ly(ﬂ/l)(o w) > 5}
Then for every K, M and w € V3

(6.6) ‘R(K, w) N ?(M)\ < 100¢(M, 2K)>.

Proof: Assume in contradiction that there is some w € Vj for which (6.6) fails.
Then there is a ng so that at least one of the following holds:

’W{o’n}(R(K,w) N ?(M))’ > 10¢(M,2K) for everyn >ng or

}w{_n,o}(R(K, w) N f’(M))‘ > 10¢(M,2K) for every n > no.

Assume that the former holds (the argument for the latter is identical). Suppose
Wi, ..., Wipe(M,2k) are 10c(M,2K) points in R(K, w)NY (M) with 70,2} (W;) #
mo,n}(w;) for i # 5. Then by definition of Y (M), for ny > ng sufficiently large

10¢(M2K)+1 2n,

oY vy (@) > dnic(M,2K),

=1 k=ny

so that there would be some ns > ng for which at least ¢(M,2K) + 1 of the w;
(which without loss of generality we can assume to be w1, ..., we(m,2K)+1)
satisfy 6™2w; € Y{(M). We already know all the w; are in R(K,w)NY (M) C
R(K,w) N Y(M). Since 7o n,jw; are all distinct (which also implies that
T{0,n,)W: are all distinct), the points wi, ..., We(nm,2k)+1 show that

[T (0ma} (R(K,w) NY (M) N &~ ™Y (M))| > ¢(M,2K) + 1,
which is in contradiction to (6.5). |
Proof of Theorem 6.3: Let v and p be measures on Vg and X respectively as
in Theorem 6.3. We will show in fact something stronger than merely that & is
countable-to-one: we will show that there is a subset Z; C Vg with v(Z) =1

so that for any z € X,
617 @+ X ) n 2z,

is countable.
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Indeed, take Z; = |J3;_, Y (M), with Y (M) as in Lemma 6.6; clearly v(Z;) =
1. For any z = & (w) € §(Vp)
o0

17 @+ XNz =Rw)nZ = |J (RE,w)NY(M)).
K,M=1

By Lemma 6.6, R(K,w) NY (M) is finite and the result follows.

Since countable-to-one factor maps do not decrease entropy, h,(5) = hy(a).
Furthermore, the set Z = £(Z1) C X satisfies u(Z3) = 1 and intersects each
coset of X© in a countable set. Hence by Fubini Ax(Zs) = 0, which proves
that Ax and p are mutually singular. |

As we have seen, on Vj there is a unique §-invariant measure g with maximal
entropy log 8. If this measure would have been weakly d-bounded, [£F]. = pg
would have been a measure on X which has entropy log § but is singular with
respect to Ax, which is clearly absurd as Ax is the unique a-invariant measure
on X with entropy log 8. Thus as a byproduct of our discussion on symbolic
representations we obtain:

COROLLARY 6.7: The measure g on Vz is not weakly d-bounded.

7. Some examples of invariant measures in the Salem case

THEOREM 7.1: Let 8 > 1 be a Salem number, and let V3 C {*(Z,Z) be the
corresponding two-sided beta-shift space. For every ¢ > 0 there exists a d-
bounded shift-invariant probability measure v on Vg with h,(og) > log 8 — ¢,
where g = Gy, is the beta-shift.

Proof: As in the proof of Theorem 4.13 we choose an enumeration Q;O) =
{wi,...,wm} of Q}O), write Wﬁro) = C@®r W}O) for the complexification of

Wf(o), and use the basis {w(w;) : ¢ =1,...,me} in (2.15) to identify W}O) with
Cmo. Let

g ={w},...,wy, ) n€L}

Put V = V3 x T (cf. (4.24)) and define a map Sg: V. — V by Sg(v,v) =
(v, M) for every v € Vg and v = (V1,.-.,Ymo) € Ig C C™, where M,, is
defined in (4.25) and (4.26).

Let A be the Haar (=normalized Lebesgue) measure on I'g. Since the unique
shift-invariant measure of maximal entropy pg on Vs is mixing (cf. [9]), the
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measure pg X A on V is ergodic under Tg. The map Fg: V. — C™°, given
by Fg(v,7)i = vivo for every v = (vn) € Vg, v = (11,..-,¥m,) € I and
i=1,...,mg, satisfies that [ Fgd(ug x A) = 0, and the ergodic theorem implies
that

Kli_l)nooH— ZFg (T (v,7)) H —]}51100’— Zw vl =0 (pg X A)-a.
for i =1,...,mg, where || - || is the maximum norm on C™ . Hence

lim ||[d(K,v)/Kllcc =0 pg-a.e.
K—oco

We fix a positive integer J and choose A > 0 sufficiently large so that
,ug(BK,‘]) >1- I/J, where

Bk, ={veVs:|ldk,v)|lcc < K for k=0,...,KJ}.

Note that the set B s is a union of cylinder sets which depend only on the
coordinates 0,..., KJ — 1.

Since M,, acts minimally on I'g, there exists an L > 0 with the following
property: for every pair v,w € C™ of vectors with |[v||ec < 1 and ||W|leoc < 1
there exists an | € {0,...,L — 1} with ||M.v + wllec < 1.

Let v € V3. By inserting zero coordinates in an appropriate manner we modify
v to a point v* € V3 with v}, = v, for n < 0 such that ||d(m,v*)||ec < 4K for
every m > 0.

In order to describe this modification we proceed by induction and assume
that v = v{® € V5. If v € Bk y we put vV = v and v®) = d(JK,v©).

If v ¢ By x we use our choice of L to find an integer /, € {0,...,L — 1} such
that the point v(1), given by

Up ifn<K-1,
v(l)p, =X 0 ifn=K,....K+1; —1,
Up—y, ifn>K+1,

which satisfies that ||d(2K +11,v(1))||cc < K. Next we choosel; € {0,...,L—1}
such that the point v(2) with
(D) ifn<2K+1 -1
'U(Q)n: 0 fn=2K+10l,....2K+11 +1l, -1
Un—ty—t;, HNn>2K 4+ +1
satisfies that ||d(8K + ; + I2,v(2))|lc < K. By continuing in this manner
we eventually obtain integers l;,...,lj-1 € {0,...,L — 1} and a point v =
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v(J — 1) € V3 (cf. Proposition 5.1 (1)) with

Un ifn<K-1,
0 fn=K,..., K+l -1,
MO
" 0 fn=J-DK+h+ - +1lj2,...,

(J-DK+hL+ -+l -1,
Up—ly—miy_, 0> (J-DK+hL+--+1-,

satisfies |[d(JK + 1 + - + 171, 9M)]jo < K. Weset IV =1 + -+ 11,
v() = d(JK + 1M, v®) and note that 'K+ y() € By s if and only if
5/%v € By j, and that

(G, oo < 2K

for j=0,...,JK + 1),
We repeat this process with v replaced by w = 57K+’ 4() and obtain an
integer I® € {0,...,J(L—1)} and a point w’ € Vg with the following properties.
(i) |[d(JK + 1@, w')|leo < K and ||d(j, w")||oo < 2K for j =0,...,JK +1?,
(il) w), = w, for n < 0 and w;mm =w, forn > JK,
(i) w' is obtained from w by inserting /{2 < (J — 1)(L — 1) zeros among the
coordinates wo, . .., wsx—1, and I® = 0 if and only if 7/% (v) € Bg ;.
Next we set w = d(JK + 1@, w"), choose a ;¥ € {0,...,L — 1} with
(1M v 4 w|lo < K, and define v(®) € V3 by

o) ifn < JK +10),
v ={0 ifn=JK+10, . JK+1W 40 1
Wi _g iEn> JE 10 450

The point v lies in V5 by Proposition 5.1 (1) and has the following properties.

(") |dQJK + 1V 4+ jO 4 1) y@)||, < K and ||d(j,v®)||w < 2K for

§=0,...,2JK + 10 4 ;1) £ ()

(i) v = v, for n < 0 and vﬁunﬂ(nﬂ(z) =, forn > 2JK,

(iii’) v is obtained from v() by inserting [(? < J(L — 1) zeros among the
coordinates vy 1, ..., V955140, and 12 = 0 if and only if /5v €
By, ; (or, equivalently, if and only if T+ () € By ).

By repeating this process we obtain sequences (v(™,m > 1) in V3 and
(1™ m > 1) and (0™, m > 1) of positive integers satisfying the following
conditions for every m > 1.

(1) 0<I™ < J(L-1)and 0 < j™ < L-1.
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(2) If L™ = 3™ 1@ gim) = S 156 and L = JO =0 for ¢ < 0, then

m~1

L™ < J(L-1)- Z lvﬁ\BK’J(a.iJKU)’

=0
where 15 denotes the indicator function os a set S C Vg, and
[d(mJK + L™ + J=D o), < K.
(3) [1d(, v'™)]joo < 2K for j =0,...,mJK + L™ + jim=1),
(4)
o = oY if n < (m—1)JK + L™= 4 jim=2),
" U’IL—L("")-J(""_“ if n Z mJK + L(m) + J(m).

From the conditions (3)—(4) above we see that the sequence (v(™,m > 1)
converges to an element v* € Vg with

d(5,57 v*)l|oo < 4K

for every j,j' > 0.
If m is sufficiently large, then the set

m—1
Cn = {’U S Vg : Z IVB\BKAJ((?UKU) < 2m/J}
1=0
has pg-measure >1—-1/J.
So far we have kept J and K fixed, but now we begin to vary them. If

P(m) = T{o,..., mJK—l}(Cm)

is the projection of the set C,, onto the coordinates 0,...,mJK — 1, then the
Shannon-McMillan-Breiman theorem applied to pg (cf. [15]) implies that the
cardinality of P(m) satisfies that

, 1
Jim ——log|P(m)] =log 8,

since hy,(G3) = log (note that K depends on J and tends to infinity as
J = o). We fix ¢ > 0 and choose J (and hence K) sufficiently large so
that P(m) > (8 — €)™’/K for all sufficiently large m. For every v € Cy,, the
number of zero coordinates inserted among the coordinates vo,...,VmJsKx-1 in
the transition from v to v* is less than m - (L — 1) + 2m - (L — 1) - K/J, so that

|7T{o ..... mJK—l}({U* U E Cm})l > |7T{0 ..... m-(JK—L—?-(L—l)~K/J)}(Cm)l'
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This shows that, for sufficiently large K, the topological entropy of the closed,
o-invariant subset

v € Vg1 ||d(, 57 v*)||oe < 4K for every j > 0 and j' € Z
8

is arbitrarily close to log 3, and the variational principle (cf. [30]) guarantees
that we can find G-invariant and ergodic probability measures v on V3 with
entropy arbitrarily close to log j. |
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